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Abstract-The paper is devoted to a statistical derivation of the equations governing a continuous distribution of
dislocations in a linear elastic medium. We begin with a system of infinitesimal Somigliana dislocations moving
in an elastic medium in accordance with the laws ofdynamics ofdiscrete dislocations. By introducing the classical
phase space with its Liouville and transport equations and defining the appropriate expectation values we derive
in the usual manner the equations for the density of the "dislocation fluid", its velocity and the average elastic
field. As a result we arrive at a compound continuous medium DR constituting a mixture of a material elastic
body and the dislocation fluid. The system of equations constitutes a system of seven quasi-linear partial dif
ferential equations which are shown to be hyperbolic under certain definite conditions. Some general features
of the system are discussed and a one-dimensional example examined in more detail to demonstrate some pro
perties of the DR medium; thus, shock waves and slip planes are shown to exist. The possibility ofconstructing in
this manner "plastic" or "elastic-plastic" media is briefly considered.

INTRODUCTION

THIS paper is devoted to a statistical derivation of the equations governing a continuous
distribution of dislocations in a linear elastic medium. We begin with a system of a finite
number of infinitesimal Somigliana dislocations moving in a linear elastic medium in
accordance with the laws of dynamics of discrete dislocations [1]; a change of the model of
the defect will not influence the general procedure we employ, as long as the defect is in
finitesimal (see e.g. Appendix A for the derivation of the equations governing continuous
distributions of vacancies). By introducing the classical phase space with its Liouville and
transport equations and defining the expectation values of various physical quantities
connected with the motion of the system, we introduce the Kirkwood formalism making an
extensive use of the Dirac delta functions [2,3]. This formalism excellently serves our
purpose, since the delta functions appear initially in our problem in the right-hand sides of
the Lame equations, expressing the influence of the dislocations on the generation of the
elastic displacement field. By ordinary means, as in statistical hydrodynamics, on the basis
of the transport equation we now derive the equations for the density v(x, t) and the velocity
v(x, t) of the dislocation fluid-the continuity and linear momentum equations; the in
fluence of the displacement (or rather the stresses and the velocity) of the elastic body is
expressed by certain terms in the equation of conservation of the linear momentum.
Further, we introduce the expectation value of the displacement of the elastic body, the
displacement being a random function since it depends on the distribution and motion of
the dislocations by which it is produced; this makes it possible to perform the averaging
procedure on the Lame equations and to derive an equation for the expectation value of the
displacement. The procedure employed here is similar to that used in [4] in an investigation
of the macroscopic Maxwell field. Incidentally, the averaging of the Lame equations results
in a very natural definition of quantities describing the continuous distribution of dislo
cations, such as the dislocation density tensor, introduced earlier by other authors [5].

959



960 HENRYK ZORSKI

The analogy to the statistical derivation of the hydrodynamics equations is evident; as
a result we obtain a compound continuous medium DR constituting a mixture (in the
sense that each geometric point is occupied by two particles, [6, 7J; in our case one of
the particles is material, the other may not be material) of the material elastic body and
the dislocation fluid. We do not carry out an analysis of the derived system of seven quasi
linear partial differential equations, confining ourselves to some general remarks and an
example of a one-dimensional motion of tangential dislocations, for only in the case of one
spatial variable a fairly complete theory of such equations exists. We believe that this
example illustrates the basic features of the DR medium, such as the creation and pro
pagation of "slip planes" and "shock waves", various types of waves, etc., and indicates the
relation of the DR medium to the classical "elastic-plastic" body. Obviously, only a further
investigation, first of all thermodynamic considerations, can decide whether it is possible
to construct by statistical methods on the basis of the dynamics of discrete dislocations or
other defects, a rational theory of plasticity. There are strong indications that the answer
is positive.

The structure of the DR medium investigated in this paper is restricted in the following
sense. In the general case the dislocations are characterized by the vectorial intensity
U and the director n, different for each dislocation; the general theory constructed under
" "this assumption is rather complicated, the fundamental system of differential equations
containing forty-two equations with the following unknowns: the displacement vector u,
the velocity of the dislocation fluid v, the dislocation density tensor K and the dislocation
velocity tensor E; moreover, instead of one constitutive equation at least three are required.
Needless to say, the complexity of the system of equations makes any conclusions or prac
tical applications almost impossible; this is emphasized by the fact that presently very
little is known about the properties of the dislocation fluid and no basis is known for
establishing the required constitutive relations. We assume therefore that U = U and

"n = n, i.e. these two vectors are the same for all dislocations. Then K = Unv and £ = Unvv.
"In other words we endow the medium with a homogeneous structure [U, n} and seek only
the density and velocity of the dislocation fluid. A generalization to a mixture of several
such fluids is straightforward.

We do not attempt at this stage to compare our theory with the existing theories of
continuous distribution of dislocations [8-11]. First of all the basic model of the defect is
different; secondly our fundamental variables are different. In fact, we introduce from the
very beginning a displacement function, the existence of which in most of the theories is
denied. It seems that only a comparison of the final results will be possible.

1. DYNAMICS AND STATISTICS OF DISCRETE DEFECTS

In this section we state the basic relations and formulae concerning the motion ofdiscrete
dislocations ([12J, [IJ); further, we introduce the appropriate phase space and write down
the Liouville and transport equations. The latter constitutes the basis of the derivation of
the fundamental equations of the continuum theory of dislocations by means of the Kirk
wood formalism.

The equation of motion of a single dislocation (infinitesimal Somigliana dislocation)
"rx" in an elastic field produced by external sources "0" and other dislocations "P" has
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p = f T = f + L f. (1.1)
a a aO P ap

p*a

Here p is the linear momentum of the dislocation; if we neglect terms of the order vld
a

as compared with unity (linearized theory) p is given in terms of the velocity v by the relation, ,
pi = -niPvp+miPvp'
,x a: 0: a IX

(1.2)

It was shown in [IJ that the first term in (1.2) is proportional to a small parameter t6 where
to is the time required for a sound signal to travel across the dislocation surface; it will be
neglected in this paper. t We have therefore

pi = miPvp
a , a

where the tensorial mass mip is constant in time and given by the formulat,

(1.3)

mip = flc2s.11[Jip(mlVl+mlVfn»)+m3V(nln(iVP)+m4ViVP+msVlninP]. (1.4)
IX ex a IX a (l a II a eta

The tensor mip is symmetric, non-singular. Its inverse will be denoted by ntiP.
, a

Here fl is the Lame constant, Cl the second sound velocity,.1 1 is an infinite integral ofthe
order to 3 assumed here to be a finite undetermined constant, ml> ... ,ms are numerical
coefficients depending only on the Poisson ratio. Finally Vi = his, where hi is the Burgers

a IX IX a:

vector and s is the surface of the defect, is the displacement discontinuity vector and ni is
a ,

the unit vector normal to the surface.
The force exerted by the external field u(x, t) on the dislocation (f. is given by the formula

o

where xij = Vin j • Similarly, for the force of dislocation {3 on dislocation (f. we have
, "

02Up our
/;(t) = - flXpq(jpqrsV;'VrUs+ PXpi ;\ ~ - 2pxr[pvPVil+.
ap a p, ut "ut

(1.5)

(1.6)

Here (jpqrs = (IVfl)JPWs +2JP(rJqls. Observe finally that since .f; given formally by (1.6) in
ap

which we set (f. = {3, is given by the relation [5J

/; = -tPi
" ,

the equation of motion (1.1) can be written in the form

p = 2(f + L f).
, ,0 p,p

This is the form we shall use below.

(1.7)

(1.8)

t A generalization presents no difficulties; it leads to a system of parabolic rather than hyperbolic equations.
t For the case of dislocations possessing real mass see Appendix B.
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The dynamics of a system of dislocations is contained in equations (1.1 H 1.11) and the
energy conservation law

(1.9)

i.e. neglecting npq
a

(1.10)

The quantity tmpqvpvq is naturally called the kinetic energy of the dislocation. Now we are
a a a

in a position to proceed to the statistical concepts.
Our phase space r,just as in the case ofstatistics ofa system of material particles obeying

the laws of Newtonian mechanics, is a 6N-dimensional space representing 3N coordinates
I; and 3N linear momenta p of the dislocations. The probability distribution function will
a a

be denoted by

dr = dl;, ... , dl; dp, ... , dp.
1 N 1 N

f = f(l;, p, t)
a a

and subjected to the normalization condition

f f dr = I,

It satisfies the Liouville equation

a[ + " (-;,: pq a[ +[P af ) = 0
at .;- a ~P a~q "a T app

(1.11)

(1.12)

(1.13)

For any dynamical variable which may in addition to 1;, p, t depend on the spatial Eulerian
a a

coordinates x, P = P(I;, p, x, t) we have the transport equation
a a

where <P) is the expectation value of P, i.e.

<P) = f Pf dr.

(1.14)

(1.15)

The transport equation (1.14) will be used in the derivation of the equations of the
continuous dislocation fluid in an elastic body; this compound medium will be called the
D medium.

2. THE FIELD EQUATIONS

We begin the construction of the set of equations describing the D medium by deriving
the displacement equations. Introduce first the total average displacement by the formula

';;"(x, t) = <u(x, t)+ I u(x, t) = u(x, t)+ I <u(x, tJ)
o (lex 0 a a

(2.1 )
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where u(x, t) is the displacement produced by the dislocation IX and u(x, t) is due to the
~ 0

body or external forces. We have [12],

Lu = X,
o

where

or, performing the integration with respect to time we obtain for u = u+ L u
o ~ ~

(2.2)

(2.3)

LUi = Xi - J1 L [Ui najmPi- C22b{v(n)vP)Vpb(l; - x) - c22 U iV(n)b(~ - x)]. (2.4)
IX IX m Cl ex IX IX a a

This is an equation for the total displacement field produced by the body forces and dislo-
av

cations; we now proceed to deduce on the basis of (2.4) an equation for u(x, t). To this end
we multiply (2.4) byfand integrate over the phase space. Sincefis independent of the point
in the physical space, the operator L commutes with ( ); we have

and obviously

av

(Lu) = LUi

(X) = Xi.

(2.5)

(2.6)

To investigate the right-hand side of (2.4) we first introduce the following quantities:

(i) the dislocation density

v(x, t) = L (b(~-x) = L (b).
IX IX 11 a

(ii) The dislocation velocity

v(x, t)v(x, t) = L (vb).
~ ~~

(iii) The dislocation density tensor

K(X, t) = L (Unb).
IZ IX (l a

(iv) The dislocation velocity tensor

£(x, t) = L (Unvb).
Cl IX a (XIX

(2.7)

(2.8)

(2.9)

(2.10)
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Taking into account that

L (UinqvPvqo) = L <.( UinqVP-!Ei/)(Vq-Vq)o) +Ei/Vq
a tl:7iXaCl a: aaa: V \l 0::

L <dd (UinpVp)o) = L <dd (UinpvPO)\
C( t IX (l t:1. ct (l t 0: 11.. IX a: 'I

+ L'Vq(UinpuPvqO)
a :x ex. :c a.

(2.11 )

after simple transformations we find that the averaged equation (2.4) takes the form (we
drop the "av" over the displacement)

LUi X;+J.l((TpqriVrXpq+C22 :tEi/)'

Observe that

(2.12)

(2.11')

where (Tip = AOipX/+2J.lX(iP) may be called "the stress tensor due to the strain x(ij/'. Con
D

sequentIy, denoting by (Tij the Hookean stress based on the displacement Ui, equation (2.12)
H

may be written in the form

. . u(au i
.)V «(TIP+(Tlp)_p EIP .

PHD at at p

In other words, the influence of the dislocation fluid is expressed by the change of the stress
tensor by (Tij and a change of the inertia force by - p(%tkpp'

D

The system of the field equations (2.11), therefore, contains two unknown tensors
describing the distribution and motion of the dislocations; in order to obtain a full set of
equations for the D medium we have to derive the equations describing II: and E; this can
be done by means of the transport equation (1.14). Prior to that, however, for the reasons
stated in Introduction we assume that the intensity and director of the dislocation are
independent of IX, i.e.

(2.13)

We recall, that both U i and ni are constant in time. We are now dealing with an elastic
body filled with identical dislocations. This medium will be denoted by DR'

Under the assumption (2.13) we have

II:(X, t) = Unv(x, t); r(x, t) = Unv(x, t)v(x, t) (2.14)
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and the field equations (2.11) take the form (we set Xij = Uinj )

LU'-f1[X apqrV V+CZ-1x. !!.-(\'l'P)] = 0 (2.15)
I pq' r lp at' .

The two unknown quantities are now v(x, t) and v(x, t). We proceed to deduce the equa
tions governing these fields.

To derive the equation for v(x, t) we set in the transport equation (1.14) P = I 6; after
• •

standard calculations (see e.g. [2J) we obtain for \'(x, t) the ordinary continuity equation

CV
-+V·(vv)=O.ct (2.16)

The equation for v(x, t) is the equation of conservation of linear momentum; we set
here

Again, simple calculations yield the equation

~ p+V,(vp) = V'(J+ I <p6)
ut K • ••

where

p(x, t) = I <p6).
• ••

In our case p = m· v and therefore
• •

p = vm· v.

Further,

(J(X, t) = - I «V-V)(P-~P)6)
K ~:x:x V IX

or

(Jij(X, t) = - m jp I «Vi - vi)(v p - vp }6).
K cr ct :l

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

By analogy to the theory of fluids (J will be called the kinetic stress tensor; as well known
K

a system of phenomenological equations derived by means of statistical methods is never
closed and we require for the stress a constitutive relation. It remains to calculate the last
term in (2.18); to this end we use the equation of motion of a single dislocation (1.1). Thus,

I <p6) = 2(I<f6)+ I<f6»).
a: a a: a ClO:x a..P ap a:

(2.23)

There is no difficulty with the first term, as shown below. The second term is due to the
interaction between the dislocations; in deriving the hydrodynamics equations where the
interaction is given in terms of potential energy depending on the positions of the particles,
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this term is dealt with as follows: on the basis of the properties of the potential energy it is
proved that this expression is a divergence of a tensor called the stress tensor and a con
stitutive relation is set up for the sum of the latter and cr. As well known, in dilute gases cr is

K K
the dominant term while in dense liquids it is small as compared with the interaction stress
tensor. In our case this procedure is not quite satisfactory. First observe that since
f + f of- 0 ([12J) the considered term is not a divergence of a tensor; of course we could
ap pa

try to establish a constitutive relation for the term L <f lS) itself, in view, however, of the
a.p ap a

scarcity of experimental data concerning continuous distributions of dislocations this is
hardly possible. Further, according to (1.9) the forces f are given in terms of the fields

ap

u(~, t) through which the dislocations interact: therefore, we shall attempt to express the
a p

term L <plS) by the average displacement field u(x, t). Of course, it turns out that an
a a a

approximation is required here, we believe, however, that its introduction does not
influence essentially the properties of the DR medium.

Consider first the term due to the external field; making use of (1.5), (2.7), (1.9) and (2.14)
we obtain

(2.24)

Let us now proceed to the interaction; we first examine the first term of j; given by (1.9).
ap

Making use of equation (2.1)

L ('V;Vrus lS ) = L «'V;'Vrus-<'V;Vrus»)lS)+v'V;Vr(us-us)'
a.p p a a,p p p a 0

(2.25)

Transforming in a similar manner the remaining terms of the force Ii and substituting into
ap

(2.23) we have

(2.26)

where

(2.27)

In the case of instantaneous interactions, i.e. when in the expression for f (see (1.6) and
ap

the formula for u in [1]) retardations in the transfer of the action are neglected, it can be
p

proved that F(x, t) is a divergence of a tensor, i.e. F; = 'VpO"f; then we set cr + cr = cr and
P K P

cr is the only quantity for which a constitutive relation is required. We assume hereafter
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that this is the case. There are also reasons for neglecting F altogether, at least in the first
approximation, on the following basis. The typical transformation (2.25) aims at replacing
the average of a product by the product of the averages; the difference of these
two I. «(V;VrUs-(ViVrus»)f» = I. «(V;Vrus-(V;Vrus»)(f>-(f») constitutes the cor-

~.fJ fJ fJ ~ ~.fJ fJ fJ ~ ~

relation between the considered quantities. It can readily be proved that the integrand
2 1 1 2

in this expression is proportional to the difference f -ff where f is the binary distribu-
~fJ ~ fJ ~fJ

1 2 1 1

tion function and f is that for a single particle (see e.g. [13J). Thus, Fi(x, t) == 0 when f = ff.
~ _ ~fJ

Our assumption, therefore, means that the interaction between dislocations is com
pletely described by the term in parenthesis in (2.26). The same can be expressed in a
somewhat different form; since the considered expressions are proportional to the dif
ferences between the current values and the corresponding averages, we assume that the
fluctuations are vanishingly small as compared with the average values themselves. A
further discussion of this problem requires a more detailed examination of the distribution
function (kinetic equations, etc.) and the structure of the dislocation fluid.

We are now in a position to write down the fimil form of the linear momentum equation
(2.18); prior to that, however, let us mention the following fact. It will be proved in deriving
the principle of conservation of energy that in the continuous exchange of energy between
the elastic body and the dislocation fluid, the contribution of the last term in parenthesis in
(2.26) is of the order of v2/c~ as compared with the contribution of the last term in (2.15);
since we assumed in the dynamics of discrete dislocations that v2/d ~ 1 and the average

~

velocity cannot be greater than that of separate dislocations, we may neglect the considered
term on the basis that its energy contribution is negligible. This is done for consistence only;
it does simplify somewhat the equation, but does not change any of its basic properties.
Thus, after simple transformations, making use of the continuity equation (2.16) we finally
obtain

(2.28)

or

(2.28')

where aij is the Hookean stress tensor based on the displacement u i •
H

The first two terms in (2.28) are the same as in the hydrodynamics of a perfect fluid; the
term

expresses the influence of the displacement field in the elastic body on the motion of the
dislocation fluid.

If we postulate a constitutive relation for aij the system of equations (2.12), (2.16) and
(2.28) constitutes a system of seven equations with seven unknowns u(x, t), v(x, t) and
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v(x, t). As mentioned before, there is at present very little experimental data for establishing
the constitutive relation, in this paper therefore, we make the simplest assumption that
the fluid is perfect and barotropic, i.e. that (d. equation (2.22)).

(Jij = - InjJp( 1'). (2.29)

Furthermore, assuming that the flow is "adiabatic" we set

p( 1') = po(~) Y = avY (2.30)
1'0

where y, Po, 1'0 are constants; y will be called the adiabatic exponent. As in the theory of
gases (2.29) and (2.30) can to a certain extent be justified by means of the kinetic and thermo
dynamic argument, we regard it here, however, as a postulate. Denoting c2 = dp/dv which
will hereafter be called the propagation velocity, we finally arrive at the following system
of equations:

IIV 2u.+ (.l.+ II)VV uP - p02U; + "X [(Jpqr:v 1'+ C';-2D!'~.~-(\'vq)· ] = - X"r I rIp ot2 r pq I r - I at

01'
-+V(vvP)=O (2.31)et p

Dv. c2
- I ( e2

u
p

)I + n + 2 .n pqrsn n - 2 >:q 0
~ -Vjl' pln j Xpq (J vnvrUs-C2 Un---;-l:- = .m I' ut

This is the required system of seven quasi-linear equations with seven unknowns,
describing the DR medium. The system contains second derivatives ofu and first derivatives
of v and v: by ordinary substitutions it can readily be reduced to a system of nineteen first
order quasi-linear partial differential equations. A fairly complete theory of such systems
exists only in the case of one spatial variable; in the general case only local existence
theorems and uniqueness for regular solutions can be proved (see e.g. [14J). It is well known
from the theory of one-dimensional problems ([14-17J) that the general regular solutions
exist only locally, i.e. independently of the smoothness of the initial data there arise after
a finite time discontinuity surfaces, which in our case are shock waves and slip planes,
propagated with velocities different from characteristic. Another important property of
our systems concerns the irreversibility of the process it describes: the situation here is
the following. The system of equations (2.31) is invariant with respect to the inversion of
time; this statement however, has a meaning only in the case of regular solutions when all
functions u, v, v, Vu, ou/et are continuous. If, now, we are faced with discontinuous (gen
eralized, weak) solutions which is in fact the case, we have the following results ([ 15, 16]):
if we start with a generalized stable solution of the Cauchy problem denoting it by A(x, t)
with the initial conditions at t = 0, then the Cauchy problem posed for t < t 1 with the
initial values A(x, t 1) at t I is unstable. This fact is due to the generation of the discontinuity
surfaces and in gas dynamics expresses the phenomenon of increase of entropy in pass
ing through the shock wave. In this paper the thermodynamics is not considered at all,
no entropy has been introduced and the principle of conservation of energy is derived
on the basis of the phenomenological equations (2.31) rather than from the theory of
discrete system via the transport equation; consequently we cannot find with a certainty
a direct physical meaning of the irreversibility of the process, it seems, however, that the
situation closely resembles that in hydrodynamics.

There is no difficulty in writing down the principle of conservation of energy, basing on
(2.31). It is deduced by introducing the density of the internal energy of the dislocation
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fluid £, multiplying the first equation by ui
, the last by Vi, adding the results and integrating

over a fixed volume. Now we can justify the omission of the last term in (2.24); in fact, this
term multiplied by v is proportional to the expression ci lvvvVIi while from the first equa
tion (2.31) we obtain a term "Vii; since v2/d ~ 1 the contribution of the considered term
to the energy exchange between the elastic body and the dislocation fluid during any interval
of time, is negligible. Therefore, it is consistent to neglect it.

The differential form of the law of energy conservation is the following:

~[(n+T)+V(f.+-21mpqv v)+vx ((Jpq_peJu..
P

Vq )]at P q pq H at

+ Vr[ - ((Jpr + (Jpr) OU p+ X (JpqVVr+ V(BVr- ~(JprV +tmpqu u ur)] = O. (2.32)
H D at pqH V K P P q

Here nand T are the potential and kinetic energies of the elastic body calculated by means
ofthe displacement Ui' Thus, the density of the internal energy ofthe DR medium is composed
of the sum of the energies of its constituents completed by the interaction term

( ouP
)VX (Jpq - p-uq .

pq H ot
Similarly, the energy flux vector is composed of the flux vectors of the constituents and the
interaction term

To end the section consider the expression for the mechanical stress in the solid body;
the term "solid body" is used intentionally, since the presence of the dislocations intro
duces a new term into the constitutive relation and the body is no longer elastic. Consider,
therefore, a single small Somigliana dislocation; the permanent discontinuous displacement
it generates, to within a rigid displacement of the whole body, has the form

P
U i = bi'1(s)
C( a;2;

(2.33)

where '1(s) is the Heaviside function on the surface of the dislocation. The corresponding
~

strain is obtained by differentiation:

(2.34)

where <5(s) is the Dirac function; the latter can be represented as an integral over the surface
~

s of the three-dimensional Dirac function. Taking into account that s is very small we have
~ ~

(2.35)

Hence, the increment of the permanent strain during the time interval & is given by the
relation

(2.36)
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Setting now in the restricted theory Xij = Uin j = xij we calculate the expectation value of
a

the strain increment (2.30). We obtain

(2.37)

Thus, the total permanent strain at instant t is given by the integral

(2.38)

Finally, making use of the continuity equation for the dislocation fluid (2.16) we have

P

Gi)X, t) = X(ij)V(X, t). (2.39)

Now, by definition of the average displacement, the total strain at point x and instant
t is given by the usual relation Gij(x, t) = V(iUj)(x, t). Thus, the elastic strain connected

.. P
with the stress (J'l by the Hooke law is the difference Gij-Gij and for the mechanical stress

H

we obtain the relation

(2.40)

Observe that in the base of tangenial dislocations

The formulae (2.39) and (2.40) were deduced in different theories before (see e.g. [5]).
Now, \' is involved in a system of differential equations with (Jij and a2ujat2 and, therefore,

H

in general, the classical statement of the constitutive relation connecting the measurable
(mechanical) stress (Jij with the measurable strain Gij = V(iUj) can be constructed only
a posteriori, after having solved the system (2.31) with the appropriate initial and boundary
conditions. In this sense, no "plasticity condition" is assumed beforehand but it should
follow from the theory itself. Furthermore, in general, (Jij is a functional of the past. As
mentioned before, even when the initial solid body is perfectly elastic, the dynamics of the
discrete system is invariant with respect to the inversion of time and the basic model of
the defect does not change in the course of the process, as is the case in our theory, in view
of the generation of the discontinuity surfaces, the process is irreversible.

3. ONE-DIMENSIONAL MOTION OF TANGENTIAL DISLOCATIONS

This example will serve to demonstrate some properties of the discontinuity surfaces
arising in a kind of a shear of an infinite space. Assume first that the dislocations are tan
gential, i.e. U· n = 0; without loss of generality we can assume that U = U(I, 0, 0) and
n = (0,1,0); further, assume that the motion occurs in the xy-plane, i.e. U3 = V3 = 0 and
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(3.1)

all quantities depend only on Y and t. Then the system of equations (2.31) takes the form

2 1 OVI oV I _ 0
D 1u2 = -pX2, ot +v2 oy -

2 [ 201' 0 ]D 2 u1 + U c2 oy +ot (VV 2)

oV 0
ot + 0/VV2) = 0

OV 2+V OV2+ C2 o\'_~ 02U1 = t{!(y,t)
ot 2 oy \' oy U ot2

where

2 2 02 02 - 1 - 1 02U2
Dl,2=Cl,20y2-ot2' x=2pm 22 U

2
, t{!(y,t)=-2Ilm22oy2'

Thus, U2(y, t) can be found independently (e.g. U2 == 0 when X 2 = 0) and v1(y, t) can be
determined after Ul' 1'1' V2 have been found. Our system of equations therefore (3.1 3 H3.1 5

)

consists of three quasi-linear equations with three unknowns. As mentioned before, the
theory of such equations is fairly well developed ([14-17]).

The characteristic velocities are the following

21,2 = ±C2

",4 ~ I ~x,{,,±cJH:!-') + 1J}
(3.2)

(3.3)

and the hyperbolicity condition has the form

XV(~~-I)+I>O. (3.4)

In the case of vanishing XV the propagation of weak waves in the two media becomes
independent and we obtain the familiar results 21,2 = ±C2' 23 ,4 = V2±c. Observe that
since XV > 0 the supersonic motion V~/C2 > 1 is always hyperbolic. We assume hereafter
that (3.4) is satisfied, i.e. the Cauchy problem is well posed.

Now, it is known that no matter how continuous the initial conditions are, regular
solutions of(3.1) d.o not exist globally and we have to consider weak solutions, i.e. in our
case V and 1'2 will have finite jumps on certain surfaces, similarly to the first derivatives of
Ul' These surfaces of strong discontinuities, in the absence of the body forces X b X 2' will
be in our case the lines y = const. in the xy-plane, and will be propagated with certain
velocities different from (3.2) or (3.3). To investigate this propagation we derive in
the usual manner the relations between the considered jumps, which we shall call the
dynamic compatibility conditions (sometimes the name generalized Rankine-Hugoniot
relations is used); taking into account that the kinematic compatibility condition ([7J,
Section 190) reads [outlot] = (outlot)+ -(outlot)- = -c*[outloy] where c* is the velocity
of propagation of the considered strong discontinuity, and that

OUI
0"12 = 11-0 '
H Y
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we obtain writing I' = ~{V+ + "-),

HENRYK ZORSKI

V1 = t(vi +V2)'

(
C*l)1---1 ([O"12J+pU[I'J) = 0
c1 H

" [pJ(1'2 - c*)[v1J +_1- ~ + X(C*)2[ VJ = O.
y-l \'

or [0" 11J = 0, since c* ~ C2

(3.5)

This is a system of homogeneous equations; equating to zero its determinant we obtain
the expression for c* :

(3.6)

here ,,~ v- /v + and C+ is the value of c on the "+" side of the discontinuity sur
face. For theorems concerning the problems of existence and uniqueness we refer the
reader to the above mentioned references. A method of selecting physically meaningful
solutions is to consider the parabolic system with nij #- 0 and select the solutions obtained
as nij ~ O.
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APPENDIX A

STATISTICAL THEORY OF CONTINUOUS DISTRIBUTIONS
OF VACANCIES

It has been conjectured by some authors (see e.g. [18J) that the fracture of certain types
of materials can be explained by the concentration of vacancies. In this connection a statis
tical theory of continuous distributions of vacancies may be of interest. The basic equations
can be derived as for the dislocations by changing the model as shown below. However, an
examination of the derivation of (2.31) indicates that the same can be obtained directly
from (2.31).

To construct a vacancy, [11J, we assume that the surface of the dislocation E;S is a sphere
>

of a very small radius B; further we set U = Un and consider U as a known constant. The
required vacancy is then obtained by integrating over s. Performing the integration in (2.31),

>

in view of the smallness of E; we assume that all functions appearing in (2.31) are calculated
at the center of the vacancy. Taking into account that

and dividing throughout by £2 we obtain

/lV2U1+(A+ /l)VjV pUP - Pa;t~j +~/lU[KV;V+C22:/I'Vj)]
avat +vp( vvP

) = 0

DV j c
2

1 /1.U( P 2a2u1)-+-V·v+- - KV·V U -c2- -- = 0
Dt v '3m 'P at2

where

(AI)

K=3A+ 2,
/l

This is the required system.
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APPENDIX B

ON THE TRANSFER OF MASS

In all our considerations it was tacitly assumed that there is no diffusion (transfer) of
mass, i.e. that the defects possess no real mass. The case, however, may be different when
we deal with defects such as interstitial atoms and vacancies. Then the following modifica
tion should be introduced to (2.31) and (AI).

First, the expression for the tensorial mass mip (1.4) should be replaced by the following:

(B1)

where m is the real mass ofthe dislocation. Secondly, the transfer of mass changes the Lame
equations. Thus, in a convected volume there are mass sources ([19,7) and the continuity
equation for the linear elastic body has the form

ap'
-~- + pill = ps
ct

(B2)

(B3)

where p is the density in the natural state and hence the total density is p + p' ; s denotes the
mass sources per unit mass of the body. The presence of s influences the equations ofmotion
in such a way that the body force is replaced by the expression

X j - psui ·

In our case s = U(n)v and the first equation (2.31) takes the form

2' p a2Ui
J.l'V Uj+(A+J.l)'VSpU -P---:1'

ut··

+ J.lX pq [ (jpqr;'VrV + C22 bf:t (VVq)]

- pU(n)VUi = - Xi'

The remaInIng equations of the system are of course unchanged. The corresponding
equation (AI) is the following:

2 a2Ui I [ - 2 a] ..J.l'V Uj+(A+J.l)'Vj'VpUP_P at2 +"3J.lU(n) K'V jv+c2 at(VV;) -pU(n)VUj = -Xi.. (B4)

It is to be borne in mind that in the case of vacancies Urn) < O.

(Received 26 Novemher 1967)

A6cTpaKT-UenblO pa60Tbl llBnlleTCll CTaTHCTH'IecKHH BbiBOIl: ypaBHeHHH, KaCalOll.lHXCll HenpepHBHoro

pacnpell:eneHHll Il:HCnOKaLIHH B nHHeHHOH ynpyroH cpell:e. ABTOP HCXOIl:HT H3 CHCTeMbl HH<!>HHHMHTe3HMa

nbHblX Il:HCnOKaLIHH COMHnbllHa, KOTopbIe nepell:BHralOTCll B ynpyroH cpell:e, B cornaCHH C 3aKOHaMH

Il:HHaMHKH Il:HCKpeTHblX Il:HCnOKaLIHH. nyTeM BBell:eHHll KnaCCH'IeCKOrO <!>a3Horo npocpaHCTBa C ero

ypaBHeHHllMH JIHYBHnnll H Il:BHlKeHHll H, npell:nOnarall OlKHll:aeMble 3Ha'leHHll, onpell:enlllOTCll, 06bl'lHblM

cnoco6oM, ypaBHeHHll Il:nll nnoTHOCTH lKHUKOCTH Il:HCnOKaLIHlf, H, ee CKOPOCTH, a TaKlKe Cpell:HOe none

ynpyrocTH. B pe3ynBTaTe nony'laeTcll cnOlKHall HenpepblBHall cpell:a DR, KOTopall llBnlleTCll CMeCblO

MaTepHanbHoro ynpyroro Tena H lKHIl:KOCTH Il:HCiIOKaLIHH. CHCTeMa ypaBHeHHH COCTOHT H3 CHCTeMbl 7
KBa3H-nHHeHHblx Il:H<!><!>epeHLIHanbHblx ypaBHeHHH B '1aCTHblX npOH3BOIl:HbIX, KOTopble llBnlllOTCll

rHnep6onH'IeCKHMH npH HeKOTopblX 3auaHHblX ycnoBHllX. 06cYlKIl:alOTcll HeKoTopble 06ll.lHe CBoHcTBa

CHCTeMbJ. npell:CTaBiIlleTcll, ll:eTanbHO, npHMep Il:nll YKa3aHHll HeKoTopblX CBOHCTB Cpell:bl DR' OKa3blBalO

TCll, 'ITO B ll:aHHOM cny'lae nOllBnlllOTCll yuapHble BonHbl H nnoCKOCTH CKonblKeHHll. ,l],oKa3blBaeTCll

KOpOTKO B03MOlKHOCTb nOCTpoeHHll TaKHM 06pa30M "nnaCTH'IeCKOH" HnH "ynpyro-nnaCTH'IeCKOH" cpell:.


